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Abstract 

The results of difference sequences theory are applied to analytic func- 
tion theory and Diophantine equations. As a result we have the equa- 
tion which connects the n-th derivative of a function with the difference 
sequence for the values of this function. Also the results of difference 
sequences theory helps to discover some features of the whole kind of Dio- 
phantine equations. The method presented allows to find limits where 
Diophantine equation does not have integer solutions. The higher power 
of Diophantine equation the better this method works. 



1 Introduction 

I give the short introduction to difference sequences theory below to show 
the main idea. Let's have a look at the following system: 



A 3 u , A 3 Ui, 

A 2 u , A 2 ui, A 2 it 2 , 

Au Q , Ami, Ait 2 , Ait 3 , 

u , ui, u 2 , u 3 , u 4 , 

where 

Aiik = Uk+i-Uk, u k =A°u k , 
A n+1 u k = A n u k +i - A n u k k = 0, 1, 2, 3, . . . 

In accordance with the above definitions let's take a look at the following 
number sequences: 

u k = k , k = 0, 1,2,3, . . . 
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1, 1, 1, 1, 1, 1, 

0, 1, 2, 3, 4, 5, 6, 
w fe = k 2 , k = 0,1,2,3,... 



2, 2, 2, 2, 2, 

1, 3, 5, 7, 9, 11, 

0, 1, 4, 9, 16, 25, 36, 



u k = k 3 , fc = 0,l,2,3, 



6, 6, 6, 6, 

6, 12, 18, 24, 30, 

1, 7, 19, 37, 61, 91, 

0, 1, 8, 27, 64, 125, 216, 

etc. any u k = k n , n 6 N. We can suppose that for the following number 
sequences: u k = k n k 6 Z, 

A n u k =n! 7 n= 1,2,3,... 

Newton researched such difference sequences and proved the following theo- 
rem 

Theorem 1.1. For polynomial P n (x) — ciqx 71 + aix™ -1 + ■■• + a n , where 
x £ K, ao, oi,...,a„ £ 1, oo ^ 0, n e N, fc is £/ie step of difference sequence, 
k € R, k ^ 



A 



i=0 



"P„(x) = £ ( n )(-iyP n (x - ki) = a fc"«! (1) 



For example you can familiarize with difference sequences theory in [T]. 



2 Analytic Functions 

Apply this result to analytic functions. Let f{x) be a real analytic function 
in the interval (a, b). In such case by Taylor's theorem it can be written 



/(x) = /(x )+ x-x ) + --- + : — [x-x ) n + - — ——{x-x ) 

1! n\ (n + lj! 

where a;,xo,^ € (a, 6) and the remainder has Lagrangian form. 
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For i = 0, 1, 2, . . . , n and k G R, k ^ : x + ik G (a, 6) 



/(x + ifc) - /(x ) + ^^(x - x + ik) + 



: (x - x + ik) + — — — -7-7- (x - x + ik) ^ , 

n! (n + lj! 



where £j G (xq, x + ifc). Then we can put 



P^x + ik) = J - [ -^(x - x + ik) n + ■■■ + J -^-(x - X + life) + /(x ), 

n! 1! 

hence 



i=0 v ' i=0 



i=0 

by Theorem 1.1 and taking into account the sign at (QJ 



J- (")(-l)«-*^(x + ifc) = / (ll) (x )F 



i=0 V ' i=0 V / 

This equation is the generalized form of ([T]) for functions. The equation 
shows a connection between the n-th derivative of a function in a point Xo and 
the difference sequence for this function which begins in other point x. 

In the case x = xo we have 

/ (w, (*o)(-*) B = ± Q (-i)7(xo + *k)-J2 (") c-D'^ri^c**)^ 1 - 



3 Diophantine equations 

Lets apply the result of difference sequences theory to Diophantine equations. 
For example lets take Fermat's Last Theorem [2] which was proven by Wiles 
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in 1995 [3J. Fermat's Last Theorem states that no there positive integers x, y 
and z can satisfy the equation x n + y n — z n for any integer value of n greater 
than two. 

Let x > y. For x n we can write 



nl = E ( • ) (-i)""^ + i) n = E ( J (-i) n ~V + V + i)' 

i=0 ^ ' i=0 ^ ' 

where x' — x — y. For y n we can write 

= J2(l)(-i) n - k (y + k r, 



TV. 

k=0 



By adding these two sums we get the equation for z n . 



2nl = (n) C" 1 ) ^ 3 '') ~ ( n - i) W-i(*0 + • • • + (o) ("WOO 

(2) 

where z"(x') = (x' +p) n + p n , peff. 

Notice that the coefhcient before nl is equal two in ([2]), it shows the behaviour 
of the function z v (x!) and this can be useful. For x' > 1 obviously that 

x' + p < z p (x') < V2 (x + p), p>l, 

hence 

1 < z p (x') - z p -i{x') < \/2. (3) 

With the growing of p the function 2(x' +p) n grows more than the function 
(x' + f>)" +_p". Also it is not hard to prove that Zi(x') — z n (x') < y/2. Hereby, 
if we start from integer Zq[x') — x' then z p {x') can be integer at least when 

P(a/2-1) > 1, 

1 

P > -T7= ■ 

^2- 1 

Therefore we can put the following statements for Fermat's Last Theorem: 
Statement 1. Fermat's Last Theorem is right when 

y<^— 1 > (»>*)■ 

Proof. It has been proven before for every p hence it is proven for y. 

□ 
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Statement 2. If the equation 

z%(x') = (x'+p) n +p n , (4) 
where x 1 ,p> 1, has two integer roots Zk(x') and Zk+i(x') then 

1 

i > 



\/2- l' 

Proof. Suppose that Zk(x') and Zfe+i(x') are integer roots of (|4j) , then by (j3|) 

i < z k+l (x') - z k (x') < \/2i, 

hence 

2fe+i(a;') - 2fe(a;') - i < (\/2 - 
but 2fe_(-i(a;') — Zk(x') — i > 1, therefore 

1 



z > 



v^2- l' 

□ 

The same we can say if {zk(x')} - the fractional part of Zfe(x') is less than 
\/2 — 1 . In this case the inequality for i takes the form 

i > 1. 

1 

This method is applicable to the whole kind of Diophantine equations. For 
example, lets take the following Diophantine equation 

/ + 1.152/" = z n , 

where n — 10 8 , ijeN and x > y. Applying the above method we can say 
that this equation has no integer roots for any x and if 

1 

V < 



V2A5 - 1 

If x < y we can not apply this method directly because of the coefficient 
before y. In this case we have to start from y' — 1, zq(1) = \/1.15 and then 



z P (l) = \/l.l5(l+p)"+p". (5) 
Hence in this case we have 

2- ?/Tl5 

y< wi^r {x<v) - 
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If we start from any y' in <j5j) then we have to start from the fractional part 
of \/TT5y'. In this case it depends on y' how many steps can be done. Let 
a = { y/l.lby'}, < a < 1, then 

1 - a 

x < — - . 

^215-1 



References 

[1] Brualdi R.: Introductory Combinatorics. China Machine Press, (2009). 

[2] Kleiner I.: From Fermat to Wiles: Fermat's Last Theorem Becomes a 
Theorem. Elem. Math., 55 (2000). 

[3] Wiles A.: Modular elliptic curves and Fermat's Last Theorem. Annals of 
Mathematics, 142 (1995), 443-551. 

E-mail address: khantarzhiev@gmail.com 

Moscow, Russia 



6 



